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ANTICIPATED BACKWARD STOCHASTIC 
DIFFERENTIAL EQUATIONS^ 

By Shige Peng and Zhe Yang 

Shandong University, and Shandong University and Cambridge University 

In this paper we discuss new types of differential equations which 
we call anticipated backward stochastic differential equations (antici- 
pated BSDEs) . In these equations the generator includes not only the 
values of solutions of the present but also the future. We show that 
these anticipated BSDEs have unique solutions, a comparison theo- 
rem for their solutions, and a duality between them and stochastic 
differential delay equations. 

1. Introduction. Consider these types of stochastic differential delay equa- 
tions (SDDEs): 

r dXt = ifitXt + fit^eXt-e) dt + (Xtaf + Xt^eo^J^e) dWt, 
(1) \ te[to,T + e]; 

[Xt = xt, te[to-0,to], 

where is a d-dimensional Brownian motion, 9 > 0,xt is a deterministic 
function, and Q is a given ^^^-measurable random variable. In the case 
where fi = a = 0, this model is very typical in finance as the price of a stock. 
Then Yt^ = E[XTQ\^to] can be the price of an option valued Q at maturity 
time T if xt = 1. It is easy to prove that (see, e.g., El Karoui, Peng and 
Quenez [7]) Y, is a solution to the following backward stochastic differential 
equation (BSDE): 

-dYt = i^HYt + Ztat)dt-ZtdWt, Yt = Q. 

This SDE with delay, in which p, and a are nonzero, has a solution. An in- 
teresting question is whether it can be expressed in the form of equation (1). 
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The answer is positive if we can solve the following new type of "anticipated" 
BSDE: 



(2) 



-dYt = {fitYt + UtE^' [Yt+e] + Ztat 

+ E-^^ [Zt+e]^t + It) dt - Zt dWt, t e [to, T]; 

Yt = Qt, te[T,T + 9]; 

Zt = Pt, te[T,T + e]. 



We observe that the generator, that is, the dt part of the BSDE, contains 
the values (Y,, Z,) for present time t as well as for future time t + 0. This is 
a new duality phenomenon for SDEs and BSDEs. 

In this paper we consider a more general form of this new type of BSDE: 

-dYt = fit,Yt,Zt,Yt+S^t),Zt+^^t))dt-ZtdWt, te[0,T]; 
Yt = ^t, te[T,T + K]; 

Zt = r,t, te[T,T + K]. 

The paper is organized as follows. In Section 2 we consider the duality 
between SDDEs and anticipated BSDEs. After a brief presentation of some 
known results that we will use in Section 3, we prove an existence and 
uniqueness result for anticipated BSDEs in Section 4. In Section 5 we give an 
important result for anticipated BSDEs: a comparison theorem. In Section 
6 we use the duality between SDDEs and anticipated BSDEs mentioned in 
Section 2 to solve a stochastic control problem. 

2. Duality between SDDEs and anticipated BSDEs. It is well known 
that there is perfect duality between SDEs and BSDEs (see El Karoui, Peng 
and Quenez [7]). In this section we consider duality between the SDDEs and 
the anticipated BSDEs mentioned above. We will use this duality to solve a 
stochastic control problem in Section 6. 

Theorem 2.1. Suppose 6 > is a given constant and fj,.,fl. G L'^(to — 
9,T + e),l. e L%{to,T),a.,a. € L%{to- e,T + e;R'^''^),H.,fl„a.,a. are uni- 
formly bounded. Then for all Q. G S%{T, T + e),P.e L%{T, T + 9; M"^), the 
solution Y, of the anticipated BSDE (2) can he given by the closed formula 

Yt = E-^' XtQt + Xsls ds + J^^\Qslls-e + P.cTs-e)^s-e ds 

a.e., a.s., 

where Xg is the solution to the SDDE 



(3) 



dXs = insXs + j2s~eXs-0) ds + {Xsaj + Xs-eaj^e) dWs, 
se[t,T + 9]; 

Xt = l, 

Xs = o, se[t-9,t]. 
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Proof. First, we show that (3) has a unique solution. When s S [t,t + 6], 
(3) becomes 



(4) 



fdXs=fisXsds + Xsa'^dWs, se[t,t + e]; 
\Xt = l. 



(5) 



We can then easily obtain a unique continuous solution for (4). When 
se [t + e, T + e], (3) becomes 

dXs = {^XsXs + fls-eXs^e) ds + (X^crf + Xs-ed-J.g) dWs, 

se[t + e,T + e], 
Xs = (^s, se[t,t + e]. 

Equation (5) is a classical SDDE, thus, it has a unique solution. Applying 
Ito's formula to XsYg for s G [t, T] and taking conditional expectations under 
^t, we get 

E'^*[XTYT]-XtYt 

r rT 



+ ZsGs^eXs-d - E-^" [Zs+0]asXs - Xsls) ds 
Because Xt = 1 and Xs =0, s £ [t — e,t), we have 



Yt = E'-^' 



XtYt+ / Xslsds 



E' 



{YsfXs-eXs-e - Yg+etJ'sXs) ds 
{Zgag^eXs^e — Zg+e^sXg) ds 

rT rT _ rT+e 

XtYt+ / Xslsds - / YsJis-eXs-eds + / Ysp-s-eXs-e 
Jt Jt Jt+e 



ds 



T 



ZsCfs-eXs^eds 



/T rl +0 

Xslsds + {Qsps^e^s-e + Ps^s-eXs-e)ds 



T+e 

t+e 
T+e 



ZsfTs^eXs^e ds 



□ 



3. Preliminaries. Let {U,J^,P,J^t,t>0) be a complete stochastic ba- 
sis such that ^0 contains all P-null elements of ^ and suppose that the 
filtration is generated by a d-dimensional standard Brownian motion W = 
iWt)t>o- Given T > 0, denote the norm in by | • |. We will use the fol- 
lowing notation: 

• L^(^j';M'") = {M^-valued =^T-™easurable random variables such that 

E[\e]<oo}; 
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such that 



• (0, T; R™) = {M^-valued and ^j-adapted stochastic processes such that 
E[J^\ipt\^dt]<^}; 

• S%{0,T;W^) = {continuous processes in L^(0,T;M' 
-E^[supo<t<r I'/'tP] < oo}. 

If m = 1, we denote them by L'^{^t), L%{0,T) and S%{0,T). The above 
-L^ are all separable Hilbert spaces. 

The following lemmas can be found in Peng [13], Section 3. For their 
originalities we refer to the notes of [13] or [7]. Our Lemma 3.1 is Lemma 
3.1 of Peng [13]. Lemma 3.2, which is Theorem 3.2 of Peng [13], is a basic 
result of BSDEs: an existence and uniqueness theorem. Both Lemmas 3.3 
and 3.4 are comparison theorems for solutions of BSDEs. Lemma 3.3 is 
Theorem 3.3 of Peng [13] and can also be found in El Karoui, Peng and 
Quenez [7]. Lemma 3.4 can be easily obtained from Lemma 3.3. 

Lemma 3.1. For a fixed ^ £ L?'{,^t) cind go{-) which is an ,'^t-O'dapted 
process satisfying E[{Jq |5o(*)l dt)'^] < +oo, there exists a unique pair of pro- 



cesses {y.,z.) £ L^{0,T; 



satisfying the following BSDE: 



yt = i+ I go{s)ds- f ZsdWs, te[0,T]. 
Jt Jt 

Ifgoi) G L%{0,T), then {y.,z.) G S%{0,T) x L%{0,T;R''). We have the fol- 
lowing basic estimate: 



\ytr + E' 



(6) 

In particular, 
(7) 



2 



<£;^^[|epe^(^-*)] + ^i?-^' 



T 



1 90 



(sfe^^'-'Us 



\yor + E 



P\ |2 I I |2 
l^\ys\ +\Zs\ 



ds 



<Em'eP^] + \E f \go{s)\'ef^^ds 
where P > is an arbitrary constant. We also have 

(8) 



E 









sup 


< kE 


r\go{s)\'ds 


.0<t<T 




Jo 



where the constant k depends only on T. 

We assume that g = g{uj, t,y,z):^}x [0, T] x 
the following conditions: 



satisfies 
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(a) g{-,y,z) is an M'"-valued and ^f-adapted process satisfying the Lip- 
schitz condition in {y,z), that is, there exists p > such that, for each 
y, y' € and z, z' G R-x^ \g{t, y, z) - g{t, y' , z')\ < p{\y - y'\ + \z - z'\). 

(b) 5(-,0,0)GL^(0,r;R™). 

Lemma 3.2. Assume that g satisfies (a) and (b), then for any given 
terminal condition ^ G L2(^7.;R™), BSDE 

(9) Yt = i+ r g{s,Ys,Z,)ds- r ZsdWs, 0<t<T, 

Jt Jt 

has a unique solution, that is, there exists a unique pair of ^t- adapted pro- 
cesses {Y„Z.) G S'^(0,r;R'") X L^(0, T; R™^'^) satisfying equation (9). 

Lemma 3.3. Assume gj{u!,t,y,z) :0 x [0,r] x R x M*^ — > R satisfies (a) 
and (b), j = 1, 2. Let {Y^^^\ Z^^^) and {Y^^'^\ Z^^) he respectively the solutions 
of BSDEs as follows: 

y/''^ = i^'^ + 9 J (s, yP , Zp) )ds- Zp) dWs. 0<t<T, 

where j = 1,2. If^^^^>^^^^ and gi{t,Yl^\ Z^^'^) > g2{t,Y}^\ Z^^^), a.e., a.s., 
then 

ya)>y^{2)^ a.e., a.s. 

We also have strict comparison: under the above conditions, 

Yi'^=Yi'^ ^ e(^)=e(^ a.s., 
gi{t,Y^^\z[^^) = g2{t,Yl:^\z[^^), a.e., a.s. 

Lemma 3.4. We make the same assumption as in Lemma 3.3. If > 
^(2), gi{t,y,z)>g2it,y,z),te[0,T],yeR,zeR'^, then 

ya)>y^(2)^ a.e., a.s. 

4. Existence and uniqueness theorem. We consider a new form of BSDEs 
as follows: 

r -dYt = fit, Yt, Zt, Yt^s{t),Zt+at))dt - Zt dWt, t G [0, T]; 

(10) lYt = ^u te[T,T + K]; 
[Zt = vt, te[T,T + K], 

where 6{-) and ({■) are two M"^ -valued continuous functions defined on [0,T] 
such that: 
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(i) There exists a constant K >0 such that, for all s G [0,T], 

s + 6{s)<T + K; s + C{s)<T + K. 

(ii) There exists a constant L > such that, for all t € [0,T] and for all 
nonnegative and integrable g{-), 

rT rT+K 

/ g{s + 6{s)) ds < L / g{s)ds; 
Jt Jt 

rT rT+K 

9{s + C{s)) ds < L g{s)ds. 

We call equation (10) the anticipated BSDE. 

The setting of our problem is as follows: to find a pair of #f-adapted 
processes {Y.,Z.) G S%{0,T + K;R"') x L%{0,T + K;R'^'"^) satisfying an- 
ticipated BSDE (10). 

Assume that for all s E [0,T], f{s,Lo,y, z,^,r]) -.n x M'" x R"'^'^ x L'^i^r] 
R™) X L2(^^,;]R'»xd) — ^ l2(^,,R™), where r,r' £[s,T + K], and / satisfies 
the following conditions: 

(HI) There exists a constant C > 0, such that for all s G [0,T],y,y' G 
R'", z,z' eW^'"^,t,C'. e L%{s,T + K;W"),r].,r]', e L%{s,T + K;W^'"^),r, 
f G [s,T + K], we have 

\f{s,y,z,(r,Vf) - /(s,y',2',C;^f)l 

<C{\y-y'\ + \z-z'\+ E^^ - ^1 + \Vf - v'fW)- 

(H2) |/(s,0,0,0,0)|2ds]<oo. 

Remark 4.1. 1. Note that /(s, •,-,•,■) is ^^-measurable ensures the 
solution to the anticipated BSDE is ^^-adapted. 

2. We give examples of 5{s) and /. Both examples of 5{s) satisfy (i) 
and (ii). Example 1: Let 5{s) = c, where c > is a constant. Example 2: 
Let s + 6{s) be a monotone nonnegative function whose converse function 
has a continuous differential function. We give examples of functions that 
satisfy (HI) and (H2): Let g satisfy (a) and (b) and let 5,C, be two positive 
constants. For each t G [0,T] and (C.,r/.) G L%{t,T + {5 V C);R"' x R™^'^), 
define /i , /2 such that 

hit, Ct+s,Vt+d = git, E'^^ [^t+s],E-^^ [7?i+c]), 

/2(i, Ct+s,vt+(:) = git, St,t+5 [Cm], ^t,t+c[^t+c])' 

where £s,t[-] ■ L'^i-^t) — > L'^i^s),0 < s <t <T + K, is a ^t-consistent non- 
linear evaluation (see Peng [13]). Then /i,/2 satisfy (i) and (ii). 
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The following is the main result of this section: an existence and unique- 
ness theorem for adapted solutions for anticipated BSDEs. 

Theorem 4.2. Suppose that f satisfies (HI) and (H2), and 6X satisfy 
(i) and (ii) . Then for any given terminal conditions t e S%{T, T + K; M™) 
and 1]. G Lj^{T,T + K;W"'"^), the anticipated BSDE (10) has a unique so- 
lution, that is, there exists a unique pair of ^t-o-dapted processes {Y.,Z.) € 
S%{0,T + K;R"') X L^(0,r + K;M™^'^) satisfying (10). 



Proof. We fix /3 = 12C^(2L + 1) + 2, where C is the Lipschitz constant 
of / given in (HI), and introduce a norm in the Banach space -L^(0,T-|- 



E 



T+K 



ds 



1/2 



Clearly, it is equivalent to the original norm of L^(0,T + K]W^'). But it is 
more convenient to use this norm to construct a contraction mapping that 
allows us to apply the Fixed Point Theorem. Set 

Yt = ^T+ f{s,ys,Zs,ys+5{s),Zs+t:{s))ds- ZsdWs, 

*tG[0,r]; 
Yt = ^t, te[T,T + K]- 
[Zt = r,t, te[T,T + K]. 



Define a mapping /i : (0, T + K; x M'"^'^) — >L%{0,T+K; 
such that h[{y,,z,)] = {Y,,Z,). Now we prove that /i is a contraction map- 
ping under the norm || • ||^. For two arbitrary elements (y., z,) and {y[,z[) in 
L^(0,r + i^;M™ xM™^'^), set {¥„ Z.) = h[{y., z,)] and {Y' Z[) = h[(y['z[)]. 
Denote their differences by 



{y.,z.) = {{y-y').,{z- z').), 

By basic estimate (7), we have 



{Y.,Z.) = iiY-Y').,{Z-Z') 



E 







ds 



<^-E 



T 



\f{s,ys,Zs,ys+5{s),Zs+(;(s)) 
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Since 5{s) and C{s) satisfy (ii) and / satisfies (HI), by the Fubini Theorem, 
we have 



E 







< 



< 



2 



Ys? + \Zs? 



< 



6C^(2L + 1 



■E 



T+K 



\y,\' + \zs\^)eP'ds 



Because [3 = 12C^{2L + 1) + 2, then 



E 



T+K 





<Ie 

- 2 



t\^ + \Zs\^)e^'ds 

T+K 



f {\ys\' + \zs\^)e'''ds 
Jo 



or 



\\{Y.J.)h<j=,\\{y.,z.)h. 

Consequently, /i is a strict contraction mapping of L^(0, T + ZT; 
It follows by the Fixed Point Theorem that (10) has a unique solution 



(Y.,Z.)eL%iO,T + K;] 



pmx d 



). Since / satisfies (HI) and (H2) and 



since 8, ( satisfy (i) and (ii), we have f {■,¥,, 2'., Z.+j-j-.)) G i^(0, T;R™). 

Thus, by Lemma 3.1, we obtain Y, G S%{0, T + K; W^). □ 

The following example shows that a simple case of the anticipated BSDE 
(10) has a solution. 

Example 4.3. Consider the following anticipated BSDE: 

,dWs, 



I Ft = TWt - £ J^E-^' [y^+s] ds - Zs 
\Yt = tWu 



tG[r,r + 5], 

where 5 > is a given constant. Then (tVFt, i)te[o,T+(5] is its solution. 



The following proposition is an estimate of the solution of the anticipated 
BSDE (10). 

Proposition 4.4. Assume that f satisfies (HI) and (H2), and also 6 
and C satisfy (i) and (ii) . Then there exists a positive constant Cq that only 
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depends on C in (HI), L in (u), and T such that for each ^. G S'^(T,T + 
K;W^) and each rj. e L%(T,T + K;W^'''^), the solution {Y.,Z.) of the an- 
ticipated BSDE (10) satisfies 



(11) 



sup r\z,\^ds 

.t<s<T Jt 



\^t\^ + J^^''i\U^ + \r]s\'')ds+ 1/(5,0,0,0,0) Ids 



for each t € [0, T] . 

Proof. For s G [0, T], applying Ito's formula to e^^jy^p, we obtain 
e^'lYsl^ + e^'{P\Yr\'^ + \Zr\^)dr 

= e'^^\iT? -2 j'^ ef^'' (Yr , Zr dWr) 

+ 2j^ e^^(/(r, y,,, Zr,Y,+s{r).Zr+(^{r)).Yr) dr. 

Since 

2(/(?", Yj., Zr, Zr+^(r)), 1^) 

= '^■{f{r,Yr,Zr,Yj.j^s(r),Zr+c{:r)) " /(^ , Z^ , i^r+<5(r) , 0) , y,. ) 

+ 2(/(r, Yr,Zr, y.+5(r), 0) " /(r, y„ Z„ 0, 0), y,) 
+ 2(/(r, y„ z„ 0, 0) - /(r, y,,, 0, 0, 0), y,) 
+ 2(/(r, y„ 0, 0, 0) - /(r, 0, 0, 0, 0), y,) + 2(/(r, 0, 0, 0, 0), y,) 
< 2Cii;-^'-[|z,+^(,)|]|y,,| + 2Ci?^'-[|y,+5(,)|]|y,| + 2C|y,||z,| 

+ 2C|y,|2 + 2(/(r,0,0,0,0),y,) 

OJ-J 

+ -^E^" Wr+5(,r) I'] + ^ |2 + 2(/(r, 0, 0, 0, 0), y,), 

we get, for s G [0,T], 

e^'|ysP+ /^e^^ (/3-3LC2-4LrC^-3C^-2C)|y^|2 + ^|Z^ 

(12) <e^^|^Tp + 2 /"^e'^''(/(^,0,0,0,0),y,)dr-2 e'^'' {Yr , Zr dWr 

Js Js 
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Taking conditional expectations under on both sides of (12), we have 

{13 - 3LC^ - ALTC^ - SC^ - 2C)\Yr\'^ 



dr 



ALT 



3L 



<E 



e^^l^Tp + 2^ e^^-(/(^, 0, 0, 0, 0), F,) dr 
e^^|CTp+2^'"e^^(/(r,0,0,0,0),y,)(ir 



1 fT^^^ 



3 



1 



Set p = 3LC2 + ALTC^ + 3C^ + 2C + —, then 



(13) 



<S-^^ 3e'^'^|eT|^ + 6 e^''(/(r,0,0,0,0),y^)dr 



Since for t < s <T, 

rT 



f e'^''{Yr,ZrdWr) = f e'^'' (Yr, Zr dWr) - T 6^'' {Yr, Zr dW, 
Js Jt Jt 

< r e^''{Yr,ZrdWr) + 6^'' {Yr , Zr dV 
Jt Jt 

by the Burkholder-Davis-Gundy inequahty, we have 



sup 

t<s<T 



y e'^''{Yr,ZrdWr 
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sup 

t<s<T 



J\'^''{Yr,ZrdW, 

(sup eV2/^n>;i)(r 

\t<r<T J \Jt 



1/2 



sup e^n^'rP 

t<r<T 



From estimates (12) and (14) we have 



sup e^^|y,|2 

t<s<T 



<E-^' 



+ E 



e^^l^Tl' + 2 j\''^-\f{r,0,0,0,0)\\Yr\dr 
+ 2 sup r e^''{Yr,ZrdWr 

t<s<T Js 

^-j\p-E^^[\Z,^^^,)f]dr 



+ 



ALT 



T 



1 



<E-^^[ef'^\iT?] + ^E-^^ 



E^^[\Y,+S{r)ndT 



sup e^''\Yr\^ 

t<r<T 



+ 72E^' 
+ E^^ 



j\^''\Zr\^dr 



+ 2E'^* 



Ut 



e'^n/(?',0,0,0,0)||y,|dr 



sup e^n^'rP 

t<r<T 



+ 72E^' 



+ E^' 
+ 2E-^^ 



1 r'^+^ 



1 



e^'\Zr\'dr + — I e^'\Yr\'dr 



e^n/(^,0,0,0,0)||y,|dr 
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sup e^''\Yr\^ 

t<r<T 



e^n/(^,0,0,0,0)||y.|(ir 



Denote by Cq > a constant that depends only on T, L and C, which we 
allow to change from line to line. From the estimate above and estimate 
(13), 



4 



sup e^^|y,|2 

.t<s<T 



pT+K 

e^Crn I eP'^ih.\' + \^r\')dr 

(^^ sup^ e'/^""- \Yr\^ l^j^ e 1/2/3- 1 /(r, 0, 0, 0, 0) | dr^ 



< CqE'^' 



+ -E^^ 



< CqE-^' 



T 

sup e'^''\Yr\^ 

t<r<T 

rT+K 



JT 

+ 2ClE^' (^j^ e^/^^''\f{r, 0, 0, 0, 0) | dr 

/ i\Vr? + \&\'')dr 
JT 



Then 



sup \YsY 

t<s<T 



sup e^n^rP 

t<r<T 



+ 2ClE-^'\U^ \f{r,0,0,0,0)\dr 



+ E^^ 



< CqE-^' 



I / '_/ ' 

leT|' + ^ {\is? + \ris\'')ds+i^j^ |/(s,0,0,0,0)|ds 



2n 



□ 



The following proposition shows the importance of the effect of anticipated 
time on the solution to anticipated BSDEs. 
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Proposition 4.5. Let {Yy\Z^^^) and be respectively solu- 

tions of the following two anticipated BSDEs: 



dY}^^ = fit, Y,''\Zl'>Xi>)dt - Zl'> dWt, t G [0, T]; 



-iJ) yU) vij) 



iJ) 



' t+5j (t) 



te[T,T + K], 



where j = 1,2. Assume ^. G S'^^{T,T + K;W^), 6i and 62 satisfy (i) and (ii), 
/ satisfies (H2), and there exists a constant C > 0, such that for all s G 
[0, T] ,y,y' £ M™, z, z' G M'"^'^, 0, 9' G L%{s, T + K; W^) and re[s,T + K], 

\f{s, y, z, 9r) - f{s, y', z' , e'^)\ < Ci\y - y'\ + \z - z'\ + \E'^^ [0, - el]\). 

If for any t G [0,T], 6i{t) < 52{t), then there exists a constant M > only 
depending on C, L and T such that 



|ya) _ y^(2)|2 ^ ^^^^^^ _ ^^^^^^ 



X E-' 



rT+K ri 

ieTp + %?ds + 1/(5,0,0,0)1^ 



ds 



Proof. Setting y. = y/^) - Y^'^\ z. = Z^^^i - Z^ , then by estimate (6), 
we obtain, for all t G [0,T], 



2C2 



/3 



t \2 
r rT 



\ys\' + \zsne^^^-'Us 



(2) ^|2 



f \f{s,Y(^\zi^\Y^%^^^)-fis,YP,zP,Y^ 

X e^(^-*) ds 



(2) 



s+(5i{s) s+52{s) 



?ef^'-'Us 



\ hj 



+ 
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s+52{s) 
s+5i{s) 



fir,Y('\zP,Y%^.^)dr 



|ytP<(l + 2L)i?^* 



+ 



|y,|2e^(^-*) ds 
3+62(3 



l3{T-t) 



s+<5i(s) 
T 



<il + 2L)e^'^'-'>E 



+ 2E-^^ 



\ys\ ds 

Ars+(52(s) 
s+5i(s) 



{52{s) - 6r{s)) r " ' \f{r,Y('\zP,Y}ll )fdr 

Js+5i{s) 



■ ds 



^2|y(2) ,2 

r+52(r) I 



x|^'^(C'2|y;2)|2 + C'2|^(2)|2^^2|y 

+ |/(r,0,0,0)|2)c?r 

<(l + 2L)e'3(^-*)£;^* [\ys?ds 
+ 8 [^{52is)-6i{s))e^^'-'Us 

((1 + L)C2|y;2) |2 + ^2|^(2) |2 ^ |^(^^ 0^ o)|2) 

/r 



E^^ 



From estimate (11), we can find a constant M > depending only on C, L 
and T such that 



\ytf<ME^^U^\ys\''ds 
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+ MJ^ {62{s)-6i{s))ds 



X E' 



fT+K j-i 

\iT? + \is?ds + |/(s,0,0, 



' ds 



Thus, by Gronwall's inequality, 

\yt?<M j\52{s)-6i{s))ds 



Fix M = Me^^, therefore, 



ICtI" + /J^"^ 161' ds + 1^"" \fis, 0, 0, 0) |2 ds 



-,Mt 



\yt?<M {52{s)-5iis))ds 



X E- 



rT+K pi 

+ \is?ds + |/(s,0,0,0)p 



ds 



□ 



5. Comparison theorem for 1-dimensional anticipated BSDEs. Lemma 3.3 
is a typical version of a comparison theorem. It is a fundamentally impor- 
tant result in BSDE theory. Some further developments in this direction are 
Cao and Yan [3], Lin [10], Liu and Ren [11], Zhang [16] and Situ [15], with- 
out mentioning many other widely circulated papers listed in [13]. Recently 
Hu and Peng [8] gave a comparison theorem for multidimensional BSDEs. 
Comparison theorems for BSDEs have received a lot of attention because of 
their importance. For example, the punishment method in reflected BSDEs 
is based on a comparison theorem (see [4, 6, 9] and [14]). Moreover, research 
on properties of g-expectations (see Peng [13]) and the proof of a mono- 
tonic limit theorem for BSDEs (see Peng [12]) both depend on comparison 
theorems. 

It is well known that 1-dimensional BSDEs have comparison theorems 
(see Lemmas 3.3 and 3.4) when their generators satisfy the conditions of 
existence and uniqueness theorems for BSDEs. It is very important to notice 
that the conditions on / needed for the comparison theorem for anticipated 
BSDEs are stronger than those needed for the existence and uniqueness 
theorem. Using the comparison theorem for anticipated BSDEs, we will solve 
a stochastic control problem in Section 6. 

Let {Y^^\ (X!'^\ ■^P^) be respectively solutions of the following two 
1-dimensional anticipated BSDEs: 



dy/^) = /,(t, y,^^^ ^ y/_j:^(,)) dt - z\^' dw, 

U) _ Aj) 

- St ) 

1,2. 



-(i) yU) vU) 



where j 



0<t<T; 
T<t<T + K, 
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Theorem 5.1. Assume that /i,/2 satisfies (HI) and (H2), C^^'',^^'' G 
S%{T,T + K), 6 satisfies (i),(ii), and for all t e [0,T],y £R, z eR"^ , h{t,y, 
z,-) is increasing, that is, f2{t,y, z,9r) > f2{t,y, z,9'j.), if9r>0[., 6,6' G 
L%it,T + K),rG [t, T + K].If > ,se[T,T + K] and Mt, y, z, 6,.) > 
f2it,y,z,dr),t £[0,T],y £R,z £^^,9 £ L%{t,T + K),r e [t,T + K], then 

ya)>y^{2)^ a.e., a.s. 



Proof. Set 

Y^^ = # + / his, YP,Zi^\Y^%^) ds - [ Zf ) dW., 

y/')=eP\ t£[T,T + K]. 

By Lemma 3.2, we know there exists a unique pair of #j-adapted processes 
(y(3)^^{3)) g 5^(0, T) X L%{fd,T;R'^) that satisfies the above BSDE. Since 

y, 2, ^ /2(s, ^, s G [0, T], y G M, z G by Lemma 3.4, 

we obtain 



>^/'^>l^/'\ a.e., a.s. 



Set 



*tG[0,T]; 

y/') = er\ tG[T,r + K]. 

Since for all t G [0, T] , y G M, z G M'', /2 (t, y, ^, ■) is increasing and y/^^ > y/^^ , 
s., by Lemma 3.4, we know 

y^(3) a.e., a.s. 

For n = 5, 6, . . . , we consider the following classical BSDE: 

*iG[0,r]; 

y/"^=ef\ tG[r,T + K]. 

Similarly, we have y/^^ > y/^^ > • • • > y/"'' > • • • We use ||i^(-)||/3 

in the proof of Theorem 4.2 as the norm in the Banach space L^(0,T + 

K; M) X L^(0, T; M^). Set yi"^ = y/"^ - yi""^\ zi"^ = zi") - zt~^\n > 4. 
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Then, by (7), we have 



E 



2 



|/2(s,yi"),zw,y(;-;j) 



< 



6C2 



E 



+ 



6 C^L 



E 



|yJn-l)|2g/3.^^ 



Set p = ISC^L + 18C2 + 3. Then 



3 



T 







- 3 



- 3 



Hence, 



E 



<'2 



1\' 



n-4 



It fohows that „>4 and (^.'•"'^)n>4 are respectively Cauchy sequences 

in L%:{0,T + K) and in L^(0,r;M'^). Denote their hmits by Y, and Z., 
respectively Since L%{0,T + K) and L%{0,T;R'^) are both Banach spaces, 
we obtain {Y., Z,) e L%{0,T + K) x L^(0,r;M'^). Note for alH G [0,r], 



E 



|/2(s, ri") , l^^^d)) - f2is, Ys, Z,,Y,^sis))fe^' ds 



<3C^E 



0, 



when oo. Therefore, {Y,,Z,) satisfies the following anticipated BSDE: 



Yt = + J^"^ /2(s, Z,, Y,+sis)) ds - Z, dWs, 0<t<T; 
Yt = Ct^\ T<t<T + K. 

By Theorem 4.2, we know 



Y, = Yr\ 



a.e., a.s. 



Since y/^^ > y}^^ > y/"^ > y*, it holds immediately 



ct.G., ct.S. 



□ 
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If /2 is nonincreasing in the anticipated term of Y,, Theorem 5.1 does not 
hold. The following example shows this. 

Example 5.2. Given T > 6 > 0, consider the following two anticipated 
BSDEs: 



(15) 
and 



iYt = c + J^ aE-^^ [Ys+s] ds - Z, dW,, t G [0, T] ; 



(16)/^/ = / «^'^MV;+.<o]nV5]ds- j[ Z[dW,, tG[o,r]; 

where a = — |, c < are given constants. Obviously the solution to equation 
(16) is (y/, Z') = (0, 0). When t G [T - 5, T] , equation (15) becomes 



Yt = c + 



acds 



T 



Z,dW,. 



It is easy to see that Yt = c + ac{T — t), = is the solution of equation 
(15) when te[T- 6,T]. But > when te[T-6,T- 6/2). 

If /2 contains the anticipated term of Z,, Theorem 5.1 does not hold. This 
is shown in the following example. 



Example 5.3. Given T > 5 > 0, consider the two anticipated BSDEs 



(17) 



and 



(18) 



Yt = W4-T 



tG[0,r]; 



Yt = Wf-{T-t), tG[r,r + 5]; 



' Yl = 4W^ - ^^E'^^ [\Z',^s - Z: \] ds 

tG[0,r]; 

Yl = 4Wt^-A{T-t), te[T,T + 5]; 
[Z^ = 8Wt, t£[T,T + 6]. 



T 



zi dW, 



We can check that the solution of (17) is {Yt, Zt) = {Wf -T-{T- t),2Wt) 
and that the solution of (18) is {Yl,Z[) = {AW^ - 4{T - t),8Wt). We have 
Yt < Y^ but Yo > Y^. 
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(1) ^ c(2) 



Theorem 5.4. Under the assumptions of Theorem 5.1, ifQ > , s € 
then 



[T,T + K] and h{t,Yl'\ Z^'\y^%) > h{t,Y!:'\ z['\y^I\,^), t G [0,r], 



a.e., a.s. 



We also have a strict comparison. Given the assumptions of Theorem 5.1, 
suppose [T, r + K] C {i + 6{t),t £ [0,T]} and f2 is strictly increasing in 6. 
Then 



f (+ V^'-' 7^'-' V^'-> \ — f (+ V^-^) 7^-^) V^-^) ^ 



^(1) vW ^ _ 

h+s{t)) - 
t€[0,T], 

d'^=CP\ se[T,T + K] 



Proof. Set 

' y}"^ = # + f,{s, YP,Zi'\Y^%^^)ds - [ Zf ) dW. 
%G[0,r]; 

t G [r,r + K]. 



_ t(2) 



Set /, = /i (t , y/^) , ) , y£) ) - /2 (t , y/^^ , y/^i,,, ) and y. = y (1) - y (3) , 



- Zp) , e. = e!') - e.^') • Then the pair {y.,z,) can be regarded as the so- 
lution to the hnear BSDE 



T 



yt=iT + j {asys + bsZs + fs)ds - I ZgdWs 

%€[0,r]; 
yt=L te[T,T + K], 



where 



fofs y(^) 7^^) y(^) ^ fo^s y(^) z^^^ y^^^ ^ 



y«-yi^) 



0, 



if y«/y?); 
if y« = y?\ 



/2(.,yi^\zl^\yJ^i(,p-/2(«,yi^\zi^\y 



7(1) 7(3) 



0, 



Since /2 satisfies (HI), |os| < C and \bs\ <C. Set 



Xt := exp 



/ ^sdW's-T: / / asds 

Jo ^ Jo Jo . 



ifziV^F^; 
ifz« = zf). 



>o. 
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We apply Ito's formula to X^yg on [t,T] and take conditional expectations 
on both sides: 



yt 



Since >0,ft> 0, a.e., a.s., we get > , a.e., a.s. 
Then similarly to the proof of Theorem 5.1, we obtain 

>y^(2)^ a.e., a.s. 
Now we only need to prove the strict comparison theorem. 
{=>) Suppose Yq^^ = Yq'^\ by Lemma 3.3, we get 

Mt,Y}'\zi'\ y « ) = Mt,Y}'\zl'\ y/_JJ(,) ) , te[o,T]. 

Since Yq^^ > Yq^^ > Yq'^\ we know Yq^^ = Yq^\ Also by Lemma 3.3, we get 

Mt,Yl'\z^'\ Y^^^ ) = h{t,Yl'\ , y/;) ) , te[o,T]. 

Therefore, 

f2 (i , y/') ,z^'\ y£) ) = f2{t,Yl'\ ) , y^^]^^^ ) , t g [o, r] . 

Note that for all t G [0,T],y € M, z € M'^, f2{t,y,z,-) is strictly increasing, 
hence, Y^^^^^ = Y^^^^^ , t S [0, T] . In particular, ^ = ,te[T,T + K]. 

(^) Suppose /i(t,y/^\zf\y/_;j(,)) = /2(t,y/'\zf\y/_;j(,)),t e [o,r^ 

and el^^ = 6^^ ,s£[T,T + K]. Then 



irXr + J^ fsXsds 



Therefore, 

= ^? + /2(«, Y('\z(^^ , y w - zf) dWg, 

*iG[0,r]; 
>^/'^=d'\ te[T,T + K]. 

By Theorem 4.2, y/^^ = a.e., a.s., in particular, Yq^^ = Yg^^. □ 

Corollary 5.5. Let {Y.''^\z^^^) and {Y.^'^\ Z^'^^ ) be respectively the so- 
lutions for the following two 1-dimensional anticipated BSDEs: 

-dY^'^ = fit, y/^'\ y/_f )^.(,)) dt - z['^ dWt, o<t< T; 

Yl^^=(t, T<t<T + K, 
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where j = 1,2. Suppose ^. is in S\{T,T A- K), f satisfies (HI) and (H2), for 
all t ^ [0, T], y € M, z € M'^, f{t,y,z,-) is increasing, and 61,62 satisfy (i) and 

(ii)- Ifyt%(t)^^t%(t)^ a-Sv then 

Proof. Set 

y/') = + , Zi'\Y;il^^^)ds - ) dWs, 

yf^=et, tG[T,r + K]. 

From Lemma 3.2, there exists a unique pair of ^(-adapted processes 

e 5^(0, T) X L^(0,r;Ri^'^) that satisfies the above BSDE. Since 

/(s,y,2;,y+5^(^)) > /(s,y,2;,y+^52{s))' Lemma 3.4, we know 

y/'^>y/'\ a.e., a.s. 
The remaining proof is similar to Theorem 5.1, we omit it. □ 

6. Stochastic control problems. El Karoui, Peng and Quenez [7] applied 
the duality between SDEs and BSDEs to stochastic control problems. Now 
we consider if it is feasible to use the duality between SDDEs and anticipated 
BSDEs to solve these problems. Let > be a given constant. Now we 
consider the following stochastic control problem: the laws of the controlled 
process belong to a family of equivalent measures whose densities are 

dX^ = {a{s, Us)X^ + 6(s - e, Us-e)X's_g) ds + Xy^{s, Us) dWs, 

s(^[t,T + e]- 
x]' = o, s(^[t-e,t), 

where the coefficients a{s,u)-M x M'^ — > R,6(s,u):R x R'' — > R+ and 
<t(s, m) : R X R'^ — > R"^^ ^ are adapted processes uniformly continuous with re- 
spect to a feasible control € {—0,T + 6]) is a continuous adapted 
process valued in a compact subset U in R*"'. The set of feasible controls is 
denoted by lA. The problem is to maximize over all feasible control processes 
u the objective function 

rT+e 

J{u) = E 



X^Q{T) + f X^_eQ{s)h{s - 9, n,_e) ds 
Jt 

+ r X^l{s,us)ds 
Jo 
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where Q{-) G S'^^{T,T + 6) is the terminal condition, {1{lu, s,Us), s € [0,T]) 
is the running cost associated with the control process u and l{s,u) is 
an adapted process uniformly continuous with respect to (s,u). Assume 
a{s,u),b{s,u), \a{s,u)\ and l{s,u) are uniformly bounded by fi. Notice that, 
by Theorem 2.1, J{u) = Yq, where is the solution to the following 

linear anticipated BSDE: 

-dV^^ = nt, Ytle) dt - Zr dWt, t G [0, T] ; 

Yt^ = Q{t), te[T,T + e], 



where r{t,y, z,rir) = a{t,ut)y + za{t,ut) + b{t,ut)E-^'[r]r] + l{t,ut),t e [0,T],y e 

rT+e 



.z€M.'^,r]. eL%{t,T + e),re [t,T + e] and 



X^_QQ{s)h{s-e,Us-e)ds 
+ J^^ X^l{s,us)ds 



Theorem 6.1. Set f{t,y,z,r]r) =esssup{/"(t,y, z, r^r-),"" £U},t G [0,r], 
y G M, 2; G M'^, ?7. G L^(t, T + 0), r G [t,T + e]. Then anticipated BSDE 



(19) 



-dYt = fit, Yt, Zt, Yt+e) dt - Zt dWt, t G [0, T]; 

Yt = Q{t), te[r,r + 0]. 



has a unique solution (Y,,Z,). Moreover, Y, is the value function Y* of the 
control problem, that is, for each t G [0,T], 

Yt = Y* = esssup{yt", u(^U}. 

Proof. On one hand, since a,b, \a\ and / are uniformly bounded by /i, 
for aU t G [0,r],s G [T,T + e],y,y' G ^,z,z' eW^ ,r].,r][ G L%{t,T + e), and 
re[t,T + 9], 

f{t,y,z,r]r) - f{t,y',z',r]'^) 

< esssup{a(t, ut){y — y') + (z — z')a{t, ut) 
+ bit,Ut)E^'[r]r-Vr],u£U} 

<^,{\y-y'\ + \z-z'\+E-^'[\r,r-7][,\]). 

Notice E[Jq \f{t, 0,0, 0)1"^ dt] < i?T, then by Theorem 4.2, the anticipated 
BSDE (19) has a unique solution {Y.,Z.) G S%{0,T + K) x L%{0,T;W^). 

Since for all u^U, f^it, y, z, rj) < f{t, y, z, rj) and /"(t, y, z, rj) is increasing 
in Tj, by Theorem 5.1, we get Yt > Y^^, a.e., a.s. Thus, Yt > Yt* , a.e., a.s. 
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On the other hand, by the definition of /, we know for all e > 0, for each 
(a;,i) Gl7 X [0,r), 

{u G U- /(a;, t, Yt{Lo), Zt{u:),Yt+e{oo)) 
<a{t,u)Yt{oj) + Zt{uj)(j{t,u) 

+ h{t, u)E''^' [Yt+e{uj)] + l{uj, t, u)+e}^ 0. 

Then by a Measurable Selection Theorem, for example, that can be found 
in Dellacherie [5] or in Benes [1, 2], there exists & such that 

f{t,YuZt,Yt+e)<r\t,Yt,Zt,Yt+e)+e, a.e., a.s. 

Denote the solution to the anticipated BSDE corresponding to by 
{Yf.Zf). 

First, consider the case when t G \T — 6,T\. Thus, t + 9 ^ \T,T + 9], Yt^g = 
Ytte and 

{t, Yf , Zf , ,) - fit, Yt,Zt, Yt+e) 
> (t, Yf , zf , Yfg) - (t, Yt, ZuYt^e) - e 
= r' {t, Yf , Zf , Yfs) - {t, Yt, Zt,Yf,) - e 
= gf{Yf-Y,)+gf{Zf-Zt)-e, 
where, for t G \T — 6 ,T], 

' it, Yf , zf , Yfg) - {t,Yt, zf , Yfg) 



9i 



(1) 



Yf - Yt 



(2) 

9t =\ 



[0, 

r (t, Yt, zf , Yf,) - [t, Yt,Zt, Yf,) 



[0- 



That is, for t G [T-e,T], 



Zf - Zt 



if Yf / Yt; 



ifl^t" =Yt, 



iiZf + Zt, 



if Zf =Zt. 



Yf -Yt> J\gf (Yf -Y,)+ gf {Zf -Zs)-e)ds 

- j\zf -Z,)dWs. 
Hence, Yt""" -Yt> ff, where ff is the solution of BSDE: 
Yf = l^gfYf + gfzf -e)ds- Zf dW^, t^[T-e,T]. 
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Since \gf^ \ < n, \g)-^' \<i2,we get 

rT 



.(2) I 



X(^) ds 



te[T-9,T], 



where 



X 



(1) 



: exp 



^ Jo Jo . 



>0. 



Therefore, there exists a constant pi> depending only on /x, 6 and T such 
that 



>i - l^i > i"/'^ > -Pie, tG[T-6,T]. 

Second, consider the case when t e [T - 2e,T - 9]. Then t + (9 G [T - 6*, T], 
^t+e < Y^Xe + Pie. Since for ah t G [0,r],y G ]R,z G M"^, P{t,y,z,-) is a in- 
creasing and Unear function, we have 

r' {t, Yf , zf , - /(t, , Zi, yi+,) 

> /"^ (t, , , Y,Xs) - r' {t, Yt,Zt, Yt+e) - e 

> (t, y,«^ , zf , Y,Xs) - (t, y*, Zi, Y,Xe + Pie) - e 

> r' (t, Yf , zf , y,!f,) - /"^ (t, y^, Zi, y,!f,) - - e 



= g« (y- - y,) + (^r - Zt) - {ppi + i)e, 

where, for t e [T - 29,T - 6], 

' {t, Yf , zf , Yfg) - r' {t, Yt, zf , Yfg) 



9i 



(1) 



y*" - y 



9i 



(2) 



(t, Yt, zf , y,f - r' (t, y^ , Zt, y^'f,) 



if y,«^^ / y^; 



if l^t"^ = Yt, 



iiZf^Zf, 
if zf = Zt. 



Therefore, for t € [T - 2e,T - 9], 



Yt'' - Yt>Y^^e-YT-B 



T-9 



{Zf -Zs)dWs 



+ 1 ' {gi'HYf -Y)+gi'Hzf -Zs)-{ppi + l)e)ds. 

Hence, Yf —Yt> Yf\ where Yf^ is the solution to the following BSDE: 
For te[T-29,T-9], 



Yf^=Yte-YT^e 



+ 



T-e 



{g^^YP+gf^~Zf^-{pp, + l)e)ds 



T-6 



zi'^^ dW,. 
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Note l^f ^ I < and \g^t^' | < /i. We have, for all t e [T - 2e,T - 9], 



,(2) I 



{^tpi + l)eXP ds 



where 



X 



(2) 



: exp 



^ Jo Jo 



>0. 



Since Yji^_g — Yx-e > —pi^, there exists a constant p2> depending only on 
fi, 6 and T such that 

Yf -Yt> y/^^ > -p2e, te[T-29,T-e]. 
Similarly, we get constants pz-iPi, ■ ■ ■ iP[Z]+i > such that 

Yf -Yt> -pne, t£[T-n0,T-in- 1)0] , n = 3, 4, 

"T1 



Yt"" -Yt>-p[T/e]+i£, 



te 



o,r- 



Setting p = max{p2,P3, ■ ■ ■ ,Pit/9]+i}, we obtain 

Yf-Yt>-pe, te[0,T]. 
Since y^"^ < It, a.e., a.s., setting e ^ 0, we get Y^^" Yt, a.e., a.s. Thus, 

Yt = Yf*, a.e., a.s. □ 
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